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IN THIS paper, we study the space of volume forms on a given smooth, compact, 
oriented manifold. In particular, it is shown that if M is of dimension 22, then 
the cohomology of smooth differential forms on Vol(M) invariant under the action of 
Diff(M) is freely generated by one form in dimension n + 1. This form is then related 
by a van Est-type map, as in the paper of Dupont[3], to the Godbillon-Vey invariant 
for flat M-bundles. The geometric nature of this identification is exploited to give a 
new view of an example, due to Thurston, of a family of foliations in which the 
Godbillon-Vey class varies continuously. 
This work comprises part of the author’s Ph.D. thesis written under under the 
direction of Raoul Bott. Special thanks are also due to Dusa McDuff, who made 
several helpful suggestions. 
When one replaces Vol(M) by R(M), the space of Riemannian metrics on M, there 
is again a van Est-type map from invariant forms on R(M) to the group cohomology 
of the discrete group Diff,(M). For results in this situation, see[6]. 
$1. THE SPACE OF VOLUMES 
Let M be as above, and let Vol(M) denote the space of volume forms on M with total 
volume 1. Let Di&,(M) denote the identity component of the group of diffeomorphisms 
of M. 
The main result of this section is: 
THEOREM 1. The cohomology H*(i;d;, A*(Vol(M))) of smooth differential forms on 
Vol(M) invariant under the action of Di&(M) is a free (graded commutative) ring with 
one generator in dimension n + 1. 
Remarks. (i) By a theorem of Moser[4], Dif&,(M) acts transitively on Vol(M). Thus. 
fixing a volume 8, we may identify &n~, A*(Vol(M)) with the relative Lie algebra 
forms A*(L,,,,, LB), where LM (resp. L,)“is the Lie Algebra of all (resp. all divergence- 
free) vector fields on M. The complex A*(LM, L,) is then by definition the complex of 
all Gelfand-Fuks forms cp satisfying 
64 ixcp = 0 for X E LB 
(b) Y(X)fp = 0 for X E L,. 
For a fuller treatment of Gelfand-Fuks cohomology, see [7]. 
(ii) The infinitesimal version of Moser’s theorem, showing that .the map from 
Di&(M) to Vol(M) is surjective on the tangent space at a point, is quite easy to show. 
Identifying the tangent space at the identity of Diff,(M) with vector fields on M, and 
the tangent space at a volume 8 with smooth h-forms cp on M with JM(p = 0, on the 
map on tangent spaces is given by Lie derivative X+9(X)& We need to show that 
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every qa arises in this way. Since JM(p = 0, cp = dR for some n-l-form le. But then 
R = ;,f9 for some X; and this gives 9(X)0 = cp, proving surjectivity on the tangent 
spaces. 
The identification of &n;, A*(Vol(M)) with A*(LM, Lo) now follows the usual 
pattern with homogeneous ipaces: If cp is an element of A*(LM, Lo), and Xi,. . .,X, 
tangent vectors in TB(Vol(M)), one may evaluate cp on Xi,. . ., X, by lifting them to 
vectors Xi, _ . ., 2, in zd(Diff,,(M)). Condition (a) then implies that (p(Xi, . . ., &) does 
not depend on the choice of liftings of Xi,. . ., Xk. Condition (b) implies, by the usual 
homotopy formulas, that if g, is a smooth family of volume-preserving diffeomor- 
phisms, g?(q) = rp at 8. Thus we may left-translate cp over Vol(M), giving the above 
identification. 
(iii) Under the identification made above, the generator of the theorem is identified 
with the “infinitesimal Godbillion-Vey form” of [l], and has the expression 
r 
g - 4x0, f . .) X,) = (n + l)! J ~(YdduW,) A . . A WXn) M 
where U(Xi) . 8 = 9(X;)(0). 
(iv) When M = S’, the theorem is not true. In addition to g - u, there is another 
cohomology class, the Euler class, which is represented by the Lie algebra form 
e f&d-& ( > I = s’ fs’ dx 
and H*(mIn;,, A*(Vol(S’))) is a polynomial ring in the two generators e and g - 21, with 
the relation e * (g - v) = 0 (see [2]). 
Let L$ (resp. L,‘) denote the Lie algebra of compactly supported (resp. diver- 
gence-free, compactly supported) vector fields on R”, and let R denote the radial 
vector field R = (I/n)C Xi (J/ax,). 
The diagonal complex AX(L&, L,‘) then denotes the complex of diagonal forms- 
that is, forms cp satisfying cp(X,, . ., X,) = 0 if fl supp Xj = 4, in addition to conditions 
(a) and (b) above. i 
Theorem 1 will follow from the special case: 
THEOREM 2. The only form cp in AX(L$, L,‘) satisfying 
Z’(R)cp = 0 
is the form cp = g-v (up to scalar multiple). 
Theorem 2 will follow from a number of lemmas. 
In what follows, let (Y denote a multi-index, i.e. an unordered set of indices 
between 1 and n, and let ti denote an indexed set of multi-indices, d = (a,, . . ., ak). 
Also, the notation LY, i denotes the set (Y U {i}, and LY - i denotes the set LY -{i}. 
For a vector field X = C f’(d/axj), let S:(X) denote the function 
8?(X) = $-$J tfi, 
In particular, the function S?(X) = fi. 
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Set 
Sfy@. . . gqqx,, . . .,x/o = &yX,). . . q!(Xk) 
We will use the following type of argument repeatedly in what follows: If X is a 
divergence-free vector field on R”, n > 1, we may modify X outside any large 
bounded set to have compact support. To see this, we note that the condition “X 
divergence-free” is the same as the condition “i,(e) is exact,” where 0 denotes the 
standard volume on R”. Let 77 denote any form such that dn = LX(~). Then for any 
smooth bump function f, dcf. n) = ;~(0) defines a new vector field Y which agrees 
with X on any open set where f = 1, and which vanishes outside suppcf). 
In particular, if +I is a diagonal form, and Xi,. . ., X,_, are not compactly supported 
vector fields, then given a vector field X, with compact support, the expression 
V(Xl,. , ., Xk) makes sense, by modifying Xi, . . ., Xk_i outside supp (X,). Furthermore, 
if any of the vector fields X1,. . ., X,_, are divergence-free, then their modifications 
can be taken to be divergence-free as well. 
Similarly, if X is divergence-free, Z(X)cp is well-defined, and is 0 if .9( Y)p is 0 for 
any divergence-free modification Y of X. 
LEMMA 1. cp has a unique expansion 
where (i) The gsp’s are constants, and (ii) For all ~4 cxI = 4. 
Proof. The Schwartz Kernel Theorem, together with the Schwartz Theorem on 
Regular Supports[S], give the expansion (*) where the g&‘s are continuous functions 
on R”. Convolving with a smooth bump function dosen’t alter p, since it is invariant 
under translation, but leaves the g& smooth. An integration-by-parts formula 
shows that one may remove terms inductively from (Y], giving (ii). 
Uniqueness follows by evaluating cp on vector fields (Xi,. . ., X,), where X,, . , ., Xk 
agree with polynomial vector-fields on supp(X,). But now 0 = Z(J/&&cp = 
x JR” (~&d/~~i) . 8, 8 sT @ ’ * 
.iB 
. @I Sp, by condition b. By uniqueness, we conclude that 
g,&‘s are constants, proving (i). 
LEMMA 2. Let v(X) = 7 S/(X), and let 
Then cp has a unique expansion 
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Proof. We first handle the case k I 2. 
In the expansion (*) of Lemma 1, condition (a) applied to polynomial vector fields 
of the form (II xp)(a/ax,) shows that ii E pi for all j# 1. Removing all terms from 
j#i 
each ak except ik by integration-by-parts gives an expression 
(***I 
Evaluating this expression on vector fields (X1, . . ., xk) where Xi, . . ., xk_, agree with 
polynomial vector fields inside supp(Xk), and Xi divergence-free, shows that il E p,, 
except possibly in the case k = 2, iI = iz. This exceptional case will be removed below. 
Condition (a) applied to divergence-free vector fields of the form (af/axi)(a/axj) - 
(af/axj)(a/axi) shows that if cpSi$ @I. . * @ S$@J @. . .@I Sk appears in the expansion 
(***), then so does the expression c~S$~I @ * * . @ ~$@ @3 * * . &I 8:; for all i’. But this 
is precisely the condition that (o has an expansion of the form (**). 
In the case k = 2, this argument shows that for every term in which i, = i2, there is 
another term identical to it except that i1 is replaced by some jS iI. 
Uniqueness again follows by evaluating the expression (**) on vector fields 
(Xi, . . ., xk) where X,, . . ., X, agree with polynomial vector-fields on supp(X,). 
This completes the case k 2 2. 
To handle the case k = 1, we write, by Lemma 1, 
cp = 2 CJ;. li 
Then 
By Lemma 2 for k = 2, this expression cannot occur in Aa2(L&, L;), so that 
A,‘(L$, LB’) = 0. 
Remarks. (i) Note that v(X) is simply the divergence of X in the standard volume 
on R”. 
(ii) The condition n L 2 enters in this lemma, in requiring a divergence-free 
vector-field defined on a compact region to be extended to a divergence-free vector 
field with compact support on R”. 
LEMMA 3. (i) Identifying s I(n, R) with divergence-free polynomial vector-fields of 
degree 1, the action of s l(n, R) by Lie derivative on cp agrees with the usual action of 
sl(n, R) on the multi-indices (Y in the expansion (**). 
(ii) Z(R)(I 77 C3 TV* 63 . * . @-P) = [CT dab 1)) - 11 I 77 C3 $2 63 V* C3 . . . 6+-P, 
and in particular C r(cq, 1) = C r(o,, 2). Here r(q, i) = the number of times the index i 
I I 
appears in the multi-index (~1. 
Proof. We compute 
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where ~-(a,, i) = the number of times i appears in (Y and d/ is the Kronecker delta, 
Summing over i,, the last two terms cancel, to get 
Thus 
An integration by parts with respect to Xj will remove the first terms if if j. Thus one gets 
In the case i=j, we retrieve (ii), using the fact that R= 
x,(a/ax,) + (lln)( 5 (xi (a/ax,) - xl (a/ax,))), where the vector fields appearing in the 
j=2 
summation are all divergence-free. 
(i) also follows immediately, since if X = Zci+i(a/axj) is in s l(n, R), then Z cii = 0, 
showing that the contribution of the d/ . cp terms must be 0. 
proof of Theorem 2. Theorem 2 is now a simple application of the Weyl Theorem on 
invariants of s l(n, R). To see it directly, suppose Y(R)9 = 0. Then in the’expansion (**). 
in each multi-index ~4 each index i must appear in some oj precisely once. We will be 
finished if we can’show that no two indices occur in the same oj, for then 50 will be of the 
desired form. 
So assume i, and iz both occur in ari, and consider Z’(xi,(a/axi,))~, which is 0 by 
condition b). By Lemma 3, this expression will.have one term in the expansion (**) which 
will be the same as the corresponding expression for cp, except i, will be replaced by i2 in 
cui. This term cannot cancel with any other term in the expansion of %‘(Xi,(a/axil))p, for 
then such a term would have to arise from a term in cp in which oj contained the index i2 
twice, contradicting Z’(R)cp = 0. 
Finally, if cp is of the form such that every term in the expansion (**) has each 
index i appearing in precisely one aj, then the skew-symmetry of cp, together with the 
uniqueness of the expansion (**), forces cp to be of the form 
cp = c (c 1 (-m-l @ q”(‘) 
(r 
@ q”(“)). 
We may rewrite this expression using the wedge-product, to get 
fp=c qAq’A*.*ATf I 
and so cp is a constant multiple of g - V. 
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Proof of Theorem 1. We define a Lie derivative Z’(R) on A*(&, L,) as follows: 
Choose a cover {Ui} of M such that each Ui is diffeomorphic to R”. Then for each 
i there is an embedding f: Ui --, R” such that f*(dxl A * . * A dx,) = 8. 
For any cp, we may restrict cp to Ui and then apply Z(R) to cp, where R = 
(l/n) Z x;(a/axi). Since for any divergence-free vector field X, we have that [X, R] is 
also divergence-free, the Lie derivative Z(R) does not depend on the choice of 
coordinates f, and .Z(R)cp satisfies conditions (a) and (b) if cp does. 
This process works equally well for k-tuples of coordinate patches {U,, . . ., U,}, 
and so gives the desired action of Z(R) on A*(L, L,). 
Let cp be of weight r-i.e. cp(X,, . . ., Xk) = 0 unless there is a partition of 
{X,, . . .)X,} = {X,‘, . . ., XL,} u * . . u {X,r,. . .) x;$ 
such that 9 supp {xi’} # 4 for all i. 
Then away from the r - 1 diagonal in M’ (i.e. all n-tuples (XI,. . . , x,) such that 
Xi = xi for some i# j), we may write cp as a sum of tensor products of diagonal forms, 
as in the standard decomposition of ~0 in the diagonal filtration, see[7]. Each of these 
diagonal forms must satisfy conditions (a) and (b), as can be seen by using the fact 
that a divergence-free vector-field defined on Ui may be extended to a divergence-free 
vector field with support on M - Uj if Ui n Ui = 4. Thus cp agrees, away from the 
r-l-diagonal, with a sum of tensor products of terms as in Lemma 3, and each of these 
terms can be extended across the diagonal to define a form cp, such that cp - cpr is of 
weight r - 1. 
Proceeding inductively, we write cp = X vi, where each cpr is a sum of tensor 
products of diagonal forms satisfying Lemma 3. Since the space of diagonal forms 
breaks up into a direct sum of eigenspaces for 9(R) whose eigenvalues are non- 
negative integers, and since the eigenvalue of a tensor product of eigenvectors is just 
the sum of the eigenvalues (Z’(R) is a derivation), the space A*(&, L,) breaks up into 
a sum 
where Z(R) acts on A?&,, LB) by multiplication by i. 
In particular, H*(A*(LM, Lo)) = H*(Ab(LM, Lo)), since if cp E A?(& Le) with 
i # 0, and drp = 0, then i . cp = d(&(tp)), and cp represents the trivial cohomology class. 
Let cp be a diagonal form in A%(&, Le). By Theorem 2, cp must agree in each 
coordinate patch with a scalar multiple of g - V. Since cp is diagonal, this implies that cp 
is a scalar multiple of g - v globally. 
Now for cp, to have eigenvalue 0, it must be a tensor product of diagonal forms of 
eigenvalue 0. Hence cpr = c . (g - u)‘, which establishes Theorem 1. 
12. THE GODBILLON-VEY INVARIANT 
If G is a group, and X is a space on which G acts, let (X)G denote the universal 
bundle over BG with fiber X. If G is a discrete group, then there is a canonical map 
H*(I:v (A*(X)))-+H*((X)G). If furthermore X is contractible, the natural map 
H*(BG) + H*((X)G) is an isomorphism-denote its inverse by (S). 
Following the scheme of Dupont[3], in the next section we will construct (S) 
explicitly on the cochain level. This explicit construction will not be used in this 
section. 
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The universal M-bundle (M) Diffos(M) over B Diffos(M) carries a natural co- 
dimension n foliation transverse to the fiber M. Integrating the Godbillon-Vey class 
over the fiber gives a cohomology class g7 in H”+‘(B Diffo6(M)). 
THEOREM 3. Under the map (S), the form g - v is identified with gq. 
Proof. The product foiliation on M x Vol(M) is a codimension n foliation which is 
preserved by Diff,,(M) acting in the natural way on both factors. This foliation is 
defined by the Dit&(M)-invariant form 6 defined by the formula 
&B’ = 0 evaluated on T,(M) C T’,,‘(M x VoKM)). 
Now d6 = 6 A fi for some l-form 6, which may be chosen to be 0 on vectors 
tangent to the fiber. 
To compute 6, we use the following construction: Let X be a tangent vector in 
T’,&M x Vol(M)) tangent to Vol(M). Using the infinitesimal version of Moser’s 
theorem, choose a lifting X of X to a vector tangent to the identity in Di&(M). The 
action of Di&(M) on M x Vol(M) then maps X to a vector field on M x Vol(M), 
which we also denote by X. Denote by XM and Xv“’ the components of X tangent to 
M and Vol(M) respectively. Thus X = XM +XvO’, and for all y E M, the projection 
of XT& onto T&Vol(M)) agrees with the projection of X onto T,(Vol(M)). 
Since 6 is Diff”(M)-invariant, we have 
2?(2)0 = T(X”)O + Lfiyx”o’>b3 = 0.
But Z’(X”“‘)6 7 ixvo’ d6 +dixv&, and this last term is 0 since Xv”’ is tangent to 
Vol(M). On the other hand, 
;,VOI cl6 = ixvo,(G /, 6) = (-l)“q(“o’) . 0. 
Now for any vector-field Y on M, let pO( Y) . 0 = 2?(Y)(0). Then at the point (x, 0), we 
clearly have .2’(X”)6 = ys(XM) . 8. 
Comparing these expressions, we see that 
k(X) = (- l)““/.Q(XM) 
and this expression is independent of the lifting X of X. fi is visibly Dif&(M)- 
invariant. 
The form G A (d$)” is now the Di&(M)-invariant Godbillon-Vey form of the 
product foliation on M x Vol(M). To complete our construction, we may integrate 
this over M to get a DiffoM-invariant form g - u on Vol(M). To be more explicit, let 
X0, . . ., X, be in T,(Vol(M)). 
Since the construction of XM and Xvo’ given above depended only on the 
projection of X onto Te(Vol(M)), X0, . . ., X, give rise to vector-fields X0”“, . . ., Xnvo’, 
and XoM, . . ., X,,M on M x 6 C M x Vol(M), such that X0”“‘, . . ., X,“” are tangent to 
VoKM) and project at each point to X0,. . ., X, in Vol(M), and XoM,. . ., XnM are 
tangent to M. 
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We now evaluate fi A (dfi) on the vector-fields X0”“, . . ., XnvO’ to get an n-form on 
M x 0, which we then integrate over M. Thus 
fi A (d$)(X,““‘, . . ., Xnvo’)] 
= (-l)“(n + l)! 
I 
j&(X0”“) d(fi(X,““‘) A . . . 
MXtl 
A dp GG”“‘)) 
= (n + l)! I,,, P~(XII~)+~(XI~) A . . . A dpe(Xn”) 
and this last expression is precisely the infinitesimal Godbillon-Vey.form of Theorem 
1. 
To prove Theorem 3, we note the maps 
DIn~M, A*(M x VOW)) --+H*((M x Vol M) Diffo’(M)) 
Since 6 A (d$)” defines the Godbillon-Vey form of the codimension n foliation on 
M x Vol(M), it defines also the Godbillon-Vey form of the codimension n foliation of 
(M X Vol(M)) Diff{(M). The theorem now follows from the commutativity of the 
diagram 
H*((M xVol(M)) Diff:(M)) 
/ \ 
H*((Vol(M) Diff:(M)) H*((M) Diff$(M)) 
‘\ / 
H*(B Diff$(M)) 
where I denotes integration over M, and S is induced by the contractibility of 
Vol(M). 
$3. AN EXAMPLE 
One can compute the map 
2;;) A*(Vol(M)) + H*(B Diff?(M)) 
” 
explicitly on the cochain level, using the simpical deRham cohomology of DuPont. 
Choosing interesting contractions of Vol(M) to a point will allow particularly tractable 
computations. With this remark, one can understand an example, due to Thurston, 
exhibiting a family of flat S’ bundles in which the Godbillon-Vey class varies 
continuously through the real numbers. 
DuPont’s recipe (found independently by Shulman)t, is the following: Let 
(Sit . . ., gk) be a k-simplex in BG6, and C a contractible space on which G acts. If FI is 
a contraction of C to a point p, a section of the bundle (C)G’ is constructed over the 
4 
BGS 
tThis construction also appears in the earlier paper “Differential Characters and Geometric Invariants”, by 
Cheeger and Simons (preprint). 
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simplex (g’, . . ., gk), roughly speaking, by “filling in” the points k + 1 points 
PI g’(p), . . ., gk, . . ., g,(p), along the contraction F,, to get a k-simplex A.(g,, . . ., gk). For 
a precise statement, see[3]. If cp is a G-invariant k-form on C, let 
S*(p)(gl, . . .T gk) = 
S* then computes the map described above on the cochain level. 
As a first example, let G = PSL(2, R) and let C be the Poincare half-plane 
H = PS2(2, R)/S0(2, R). PSL(2, R) then acts on C by linear fractional transformations, 
and hence on the boundary of C, which is S’. We thus get maps PSL(2, R) + Diffo(S’) and 
H + Vol(S’). 
H has one PSL(2, R)-invariant 2-form, the non-Euclidean area form. So under the 
map H +Vol(S’), g - v pulls back to a multiple of this area form, and it is easily 
checked that this is a non-zero multiple. 
Choosing now the contraction of H to the point i along geodesic lines, one then 
has the formula, 
S*(g - v)(g’, g2) = (constant) . (the non-Euclidean area of the geodesic simplex with 
vertices {i s’(i), gzg’(i)I). 
Note that S*(g - v)(g,, gz) = 0 if either of g, or g2gl are rotations. 
Now we consider an n-fold covering PSm, R) of PSL(2, R), constructed by 
lifting the action of g E PSL(2, R) on S’ to an n-fold covering of S’ by S’. Thus we 
have two maps 
PSL(2, R) + Dif%(S’) 
PSZ, R) + Di&,(S’) 
and it is easy to see that the intersection of the images of these two groups is precisely 
the rotations of S’. So in particular, the images of H +Vol(S’) and 
fi = PSE R)/rotations + Vol(S’) 
intersect only in one point. It is easy to check that the process of passing to the n-fold 
covering multiples g - u by n. 
We will contract Vol(S’) to this point by contracting along geodesic lines along H 
and by contracting along geodesic lines along p, and extending this contraction in 
some arbitrary way to all of Vol(S’). 
Now consider the two-holed torus. Its fundamental group is presented by genera- 
tors and relations by 
n, = {X, Y, 2, w: XYX_‘Y_’ = zwz-‘w-l}, 
and with this presentation, the fundamental class of the two-holed torus is the 2-cycle 
c*> (X, Y)-(x-‘YX,X)-(Y_‘X_‘YX, Y) 
- (2, W) + (Z? wz, Z) + (w-‘z-1 wz, W). 
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The important point here is that the fundamental class breaks up into a sum involving 
only X and Y, and a sum involving only 2 and W. 
Now represent X and Y by elements f and g of PSL(2, R) whose commutator is a 
rotation (Y. The recipe above shows that g - v evaluated on the third term in this sum 
is zero, and up to constant multiple, we have 
S*(g - v)[(f, g) - (f-‘gf, f)] = the non-Euclidean area of the parallelogram with ver- 
tices ii, f(i), g(i), fs(i)I 
where a non-Euclidean parallelogram is a geodesic quadrilateral with opposite sides of 
equal length. Note that fg(i) = gf(i), since g-‘fgf is a rotation, and so keeps i fixed. 
A little non-Euclidean geometry then tells us that this area is precisely (Y. 
We then choose representatives for 2 and W’which are elements of PSL(2, R), 
whose commutator is CY, and which are lifts of elements of PSL(2, R), whose com- 
mutator is II . a. With this choice, the final three terms of the sum (*) give (constant) 
(- n2) * a. To sum up, the value of the Godbillon-Vey class of this foliation is 
precisely 
(constant) . (1 - n*) . a, 
and varying (Y continuously varies the Godbillon-Vey class continuously. 
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